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This paper describes a method for handling restricted airspace in trajectory optimization problems while

maintaining the full dynamics of the aircraft model. The discussion is limited to the local solution of the optimization

problem. The topological problem of determining which side of the restricted regions the aircraft trajectory should

take can be seen as more of a preprocessing stage that determines, for example, the shortest path. The trajectory

optimization is performed with environmental objective functions describing the emissions from the aircraft engine.

Results from two cases are presented. The first case is flying in the vicinity of an airport during the approach and

avoiding flying directly above urban areas. The second case involves a long-distance flight with a large region of

restricted airspace in the way. Both cases are performed with a model of the Swedish Air Force trainer SK60. The

results show that the solution and the solution time significantly depend on the initial starting guess. With a feasible

starting guess, the efficiency of the optimization algorithm is not too degraded by the nonconvex airspace constraints.

I. Introduction

A IRCRAFT trajectory optimization has been studied for several
decades, and many important and interesting problems have

been considered, such as finding the trajectory that minimizes the
time to climb [1] or maximizes the final fuel mass [2]. For military
purposes, Norsell [3] showed the possibility of including radar-range
constraints and also minimizing the detection time during a mission.
Trajectory optimization is not only used for aircraft, but several space
applications have also been reported. Betts [4], for example,
discussed the challenging problem of controlling the low-thrust
trajectory of a spacecraft. Noise is also being considered as an
objective function and has recently been studied for a helicopter by
Tsuchiya et al. [5].

Computing the aircraft trajectory can be formulated as an optimal
control problem, and several solution methods for this type of
problem exist and are discussed by Betts [6], among others. In the
work presented here, the problem is discretized and formulated as a
nonlinear programming problem. In many applications, the full six-
degree-of-freedom model can be reduced to only consider long-
itudinal degrees of freedom. In some situations, however, this reduces
the accuracy too much and a three-dimensional model is required.
Examples may be found inmilitary applications when flying through
specified waypoints and not violating restricted airspace or so-called
no-fly zones [7]. Civil applications may include the three-
dimensional trajectory of an aircraft on approach for landing.

In the above applications, airspace constraints need to be treated.
Adding a geometrical constraint on the trajectory can be a nonconvex
constraint if it removes parts of the interior of the feasible region. This
may make the problemmuch more difficult to solve, and only a local
solution to the problem is generally found. Also, if a nonlinear
programming approach is used, all derivatives should at least be
continuous. This study focuses on the treatment of restricted regions
in the trajectory optimization problem. A circular restricted airspace
simplifies the formulation of the constraints, since it can bewritten in
closed form with continuous derivatives, which has been treated by
Jorris and Cobb [7] and Eele and Richards [8].

Restricted airspaces are generally of two kinds: either a circular
region or a polygon. The polygons can, in turn, be either convex or

nonconvex. Staying inside a circle or a convex polygon is straight-
forward and a convex problem. This problem is also of importance,
for example, during a climb in which the aircraft has a limited
space in which to perform the maneuver, as discussed by Dai and
Cochran [9].

II. Aircraft Performance and Trajectory Optimization

The equations governing the motion of an aircraft can be reduced
from the full six-degree-of-freedom model [10] using a point-mass
model of the aircraft and assuming a flat-Earth frame of reference.
The resulting equations that have been used in this study are of the
form

m _V � T cos��� �� �D�mg sin � (1)

mV _� � T sin��� �� cos�� L cos��mg cos � (2)

mV _ cos � � T sin��� �� sin�� L sin� (3)

_h� V sin � (4)

_mf ��b (5)

_x E � V cos � cos (6)

_y E � V cos � sin (7)

and have been derived by Ringertz [2] and also used with satisfying
results by Norsell [3]. Here, m is the total mass of the aircraft, mf is
the fuel mass, b is the fuel burn, V is the speed of the aircraft, T is
the engine thrust, L is the lift, and D is the drag. The gravity
acceleration is denoted as g. The angles of importance in the model
are the angle of attack �; the thrust angle with respect to the body
axis, �; and the flight-path angle �. The bank angle is � and the
heading is  . The heading is measured clockwise from the north
direction. The position of the aircraft is given by the altitude h as
well as the coordinates xE and yE, where the subscript E denotes
Earth coordinates. For the atmospheric data, the standard
atmosphere is assumed. This model is referred to as a 3-D model
of the aircraft.
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Commonly, these equations are reduced to a 2-D longitudinal
model when trajectory optimization is performed. When long
distances are considered, the bank-angle dynamics are usually
negligible.However, in the case of an aircraft on approach for landing
or when an obstacle or no-fly zone needs to be avoided, the 3-D
dynamics may be of importance.

A. Aircraft Model

The aircraft in this study is the SwedishAir Force trainer Saab 105,
or SK60 (see Fig. 1). The aircraft ismodeledwith great detail, such as
Mach number dependencies of all aerodynamic coefficients. The
aerodynamic coefficients, as well as the engine, are modeled using
least-squares fits of B-spline basis functions [11] to tabular data,
making the evaluations efficient and smooth. The aircraft model is
described in more detail in Appendix A and in Ringertz [12]. In this
study, the clean-aircraft configuration is modeled, making it difficult
to simulate the entire approach in the optimization problem, since
that would require airbrakes, flaps, and landing gear. These are not
easily modeled as continuous variables, however, and are not used in
this study. Instead, the aircraft trajectory is only computed to a final
approach point located approximately 1 km from the runway.

The engine on the SK60 is an FJ44 from Williams International.
Using the International Civil AviationOrganization certification data
[13], the emissions can be modeled with smooth B-splines (see
Fig. 2). The emission indices used here are those from the
certification data, i.e., carbon monoxide (EICO), hydrocarbons
(EIHC), and nitrogen oxides (EINOx). The emissions as a function of
altitude and Mach number are modeled using the Boeing fuel flow
method 2 [14]. These emissions may be used as objective functions
in the optimization problem or as weighted sums to form different
environmental indices as used in life-cycle impact assessment
(described by Baumann and Tillman [15]). The environmental
indices can be acidification or human toxicity potential or more
general indices such as the Eco-indicator’99 [16].

B. Discretization and Nonlinear Programming

The equations of motion (1–7) of the aircraft can be written in
compact form as a system of first-order differential equations:

_x� f�x; u� (8)

where x� �V �  h mf xE yE �T is the vector of state
variables, and u� �� � �p �T is the vector of controls, with �p
denoting the throttle setting. To this set of equations, algebraic
constraints such as limiting load factor are added. The load factor in
this study is limited to vary between �3 and 6. The equations are
discretized in time using Hermite–Simpson collocation [17], and the
discretized states at all time steps are gathered in the variable vector y.
Choosing a proper objective function f�y�, such as the final time or
final fuel mass, a nonlinear programming problem may be posed as

min
y
f�y� (9)

subject to l �
c�y�
Cy
y

0
@

1
A � �u (10)

where the discretized equations of motion and the algebraic
limitations are used as constraints c�y�. Here, f denotes the scalar-
valued objective function and y are the discretized state and control
variables. ThematrixCmaydefine linear continuity constraints if the
problem is defined using a multistage formulation (see Ringertz
[18]). The vectors containing the lower and upper bounds of the
constraints are denoted as l and �u, respectively.

To solve this nonlinear programming problem, the solver SNOPT
[19] is used. It is an efficient sequential quadratic programming
algorithm that solves a quadratic subproblem in each iteration. The
algorithmuses quasi-Newton approximations to the required second-
derivative information, and it efficiently exploits sparsity in the
constraint Jacobian when solving the quadratic subproblem.
Exploiting sparsity is important, since the discretized problem may
become quite large, especially if range problems are considered.

III. Airspace Constraints

Restricted airspace can be of different types: for example, military
practice regions, bird protection areas, or nuclear power plant
surroundings. Generally, these areas are either described by circular
regions or by polygons on the map. Adding these constraints to the
nonlinear optimization problem will be in the form of constraints on
the state variables xE and yE. Removing parts of the feasible region
with restricted airspace may make the problemmore difficult, due to
nonconvexity. It is also desired to have continuous first derivatives of
all constraints in the optimization problem.

When restricted airspace is added to the problem, finding the
solution can be divided into two main parts. In this study, the
topological route isfirst decided, since therewill be local solutions on
each side of the airspace. Hence, the solution will depend quite
heavily on the initial starting guess using the proposedmethod in this

Fig. 1 SK60 aircraft (copyright Saab AB, photographer Peter
Liander).
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Fig. 2 Emissions from the FJ44.
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study. The topological problem could be solved using, for example, a
branch-and-bound technique, as described by Eele and Richards [8],
or theVoronoidiagramtechniquedescribedbyJuddandMcLain [20].
When the topological route has been determined, the nonlinear
programming problem is solved with the geometrical constraints to
find the locally optimal solution.

A. Circular Airspace

Adding circular regions as constraints is rather straightforward,
even though the resulting problem may become difficult to solve. A
circular constraint can be added as one constraint in each time step at
which the geographical variables at that time step, xE and yE, must lie
at least a distance R from the center of the circle. Using circular
constraints in trajectory optimization has been described and tested
previously: for example, by Eele and Richards [8] and Jorris and
Cobb [7]. The problem is also closely related to the radar-range
constraints discussed by Norsell [21].

Amore adaptable shape is the ellipse. The constraint for each time
step become similar to staying outside the circle if the ellipse is
written in general (center) form as �x � c�TE�x � c� � 1. Here,
x 2 R2, and c 2 R2 denotes the center of the ellipse. The matrix E
should be symmetric positive definite, i.e., E� ET � 0. Ellipses are
used as constraints in Jorris et al. [22].

B. Polygon-Shaped Airspace

Staying inside a convex polygon can be formulated as linear
constraints in the form of Ax � b, but in the case of staying outside
the polygon, the formulation is not given by Ax � b. Since the
description of the region is to be used in optimization, a smooth curve
with continuous first derivatives is desirable. The problem studied
here is, therefore, how the polygon can be approximated with a
smooth curve that may be used as a constraint in the optimization
problem, as done with the circular region above.

A polygon airspace constraint can be both convex and nonconvex.
Here, only the convex case is considered, since the nonconvex
polygon can be divided into two ormore convex polygons (see Fig. 3,
in which the interior of the polygon represents the restricted airspace
or no-fly zone). A general convex polygon consists of a set of points
constituting the corners of the polygon. For the application with
airspace constraints, the number of corners is not assumed to be very
large: rather, in the vicinity of 5–10. The problem is now to
approximate the polygon with a smooth curve. The approximation
should, of course, be as similar as possible to the original shape, but a
requirement on the approximation is that it should always be outside
the original polygon, making sure that the optimal trajectory will not
pass through the restricted airspace. There are several different
alternatives for the approximation. Here, a few are discussed and
methods for finding the approximations are described.

The simplest case would be to enclose the polygon within a circle.
The circle can then be used as described previously. Finding the
smallest circle can be done in several ways, and different solutions to
the problem are discussed by Xu et al. [23]. If the polygon is rather
rectangular in its shape, the smallest enclosing circle may be quite
large; in this case, an ellipse may be more suitable. If the ellipse is
given in the general form of �x � c�TE�x � c� � 1, the problem of

finding the minimum ellipse enclosing the points pi can be
formulated as

min
E;c

det�E�1� (11)

subject to �pi � c�TE�pi � c� � 1; 8 i (12)

E � 0 (13)

where det�E�1� denotes the determinant of the inverse of the matrix
E. This property is proportional to the volume, or area in 2-D, of the
ellipse. This problem is nonconvex, but following the method
described by Kumar and Yildirim [24], the problem can be solved
using the Khachiyan first-order algorithm [25].

Yet another approach would be to discretize the polygon into
smaller regions and cover each region with a circle (or ellipse). This
strategy is proposed by Eele and Richards [8]. The most apparent
drawback is that a single polygon constraint will result in several
circular constraints, making the number of constraints in the
optimization problem increase dramatically if the original shape of
the polygon should be somewhat preserved.

In the application with restricted airspace, it may not be important
to fly as close to the airspace as possible, but rather to guarantee that
the trajectory is outside the region (see Raghunathan et al. [26]). The
proposed method for handling polygon-shaped constraints in this
study is to keep the shape of the polygon and remove the sharp
corners by adding small circles of constant radius around the corners.
The circles are connected with lines that are parallel to the polygon
sides; this will give regions, as shown in Fig. 4.

To use the above shape as a constraint, a distance function
fd�xE; yE� needs to be defined. It should be chosen, for example, to
be positive for points outside the polygon and negative for points
inside the polygon. The computation of this distance should also be
as simple as possible and preferably without any iterations, since this
will be computed during the optimization. Also, the derivatives of the
distance function should be easily determined. This problem is
solvedby regarding theflat polygon shape as a contour line of a three-
dimensional function. This 3-D function can be constructed by
computing the coordinates of the center point of the polygon as the
mean of all corner x and y coordinates and assuming that this center
point has a z coordinate of z� 0. This center point can then bemoved
in the negative z direction to a point Vc. This new point is used to
construct the 3-D function as follows. The circles around the corners
in the 2-D plane are extracted to form tilted cones with vertices inVc.
Then the lines connecting the circles in Fig. 4 are made into planes
passing through Vc; this is illustrated in Fig. 5.

The distance function fd�xE; yE� to the smooth polygon is now
defined as the z coordinate of the surface in Fig. 5 at a point p given
by p� �xE; yE; 0�T. This z coordinate should not be confused with
the altitude of the aircraft, which is not part of this discussion. If p is
inside the polygon, the z coordinate of the surface will be negative
(hence, a negative distance is obtained), and a positive distance will
refer to a point outside the polygon. This gives a simple constraint to

Fig. 3 Nonconvex polygon split into two convex polygons. Fig. 4 Making a smooth curve out of a polygon.

1258 JACOBSEN AND RINGERTZ



the optimization problem that states that this distance should be
positive at all time steps, i.e., fd�xE; yE� � 0.

The evaluation of the distance function involves different steps.
First, it must be decided if the desired distance should be computed as
the z coordinate of a plane or of a cone and also which plane or cone
should be used, which means determining in what region the point p
is located. The different regions are illustrated with dashed–dotted
lines in Fig. 6. As seen here, the regions can be described by linear
inequalities, meaning that it is rather efficient to determine where the
point is located. There are two general cases: either the distance
should be computed to a plane or to a cone. If the surface in the
current region is a plane, it is straightforward to find the desired z
coordinate. Assume that the chosen plane is described by

ax� by� cz� d� 0 (14)

At p� �xE; yE; 0�, the distance function, i.e., the z coordinate of the
plane 14, can be evaluated as

fd �
��axE � byE � d�

c
(15)

This will be positive when p is outside the polygon and negative
when inside. The derivativeswith respect to the state variables xE and
yE of the distance are simply

@fd�xE; yE�
@xE

�� a
c

(16)

@fd�xE; yE�
@yE

�� b
c

(17)

The regions in which the distance should be computed to a cone
instead are evaluated similarly, but in this case the distance will be
given by a second-degree equation. The desired distance is always
the minimum of the two solutions, which works for points both
interior of the polygon and outside. The problem can be formulated
as finding the intersection of the cone given by

�
x � xc �

z

zvc
�xvc � xc�

�
2

�
�
y � yc �

z

zvc
�yvc � yc�

�
2

�
�
r

zvc
�z� zvc�

�
2

(18)

and the line given by

x� xE; y� yE (19)

where �xc; yc� is the center point of the circlewith radius r around the
polygon corner, andVc � �xvc; yvc; zvc� is the vertex of the cone. The
derivatives also become closed form expressions.

A parameter that can be chosen somewhat arbitrarily is the z
coordinate of the vertex Vc, as defined previously. If it is chosen far
from z� 0, the 3-D surface (planes and cones) will be very steep
resulting in rather large distances for points far outside the restricted
region. Depending on how the constraints are defined in the
optimization software, this may be a problem. In SNOPT, the
constraints are defined with both upper and lower bounds, meaning
that the upper bound needs to be chosen sufficiently large in order for
the points not to be restricted to be close to the airspace constraint.
The distance to the airspace constraint will be smaller if the z
coordinate of Vc is chosen closer to zero since the cone will be less
steep in this case.

The altitude in the trajectory optimization problem has not been
included in the definition of these restricted areas but only the
geographical coordinates xE and yE. Typically, these no-fly zones
also have an altitude interval in which they are active, but for the case
of coming in for landing and not flying directly over cities, this
should hold for all altitudes of interest in the problem. Many of the
military practice regions also havevery high altitude limits, making it
nonrealistic to fly above the regions instead of flying around them.

IV. Results

The restricted airspace constraints are implemented as algebraic
constraints in the FORTRAN code for the trajectory optimization
using SNOPT as the optimization solver. Each region results in one
nonlinear constraint for each time step; this does not affect the
efficiency of the optimization solver too much, even though the
problemmay be more difficult to solve. The importance of the initial
starting point for the solver is also increased, due to the nonconvexity
of the airspace constraints.

The first case studied here is the approach of an SK60 to Malmen
outside Linköping in Sweden. The airport is located close to several
smaller cities, giving constraints on the approach. The trajectory
should not pass through urban airspace to reduce noise and
emissions. The first case is a short flight, but with several constraints.
The second case is more of a long-distance flight. Here, the starting
point is chosen outside Stockholm and the finish is at Visby on the
island of Gotland. Between these two cities, there is a large region of
restricted airspacewhere air traffic is prohibited with an altitude limit
of approximately 12 km.

A. Approach to Malmen

The region aroundMalmen is studied and polygon-shaped regions
are fitted to the urban areas in the neighborhood. These can easily be
constructed fromGlobal Positioning System (GPS) coordinates on a
map. To translate the GPS coordinates to a flat Earth coordinate
system, the MATLAB packageM_Map [27] is used with a Mercator
projection. These coordinates are used to build restricted airspace
regions used as constraints in the optimization.

Since the final part of the approach is preparations for touchdown,
this part of the flight is left out of the optimization. Here, the pilot
would need to use theflaps and also extend the landing gear to prepare
for landing. Therefore, the final conditions for the optimization is set
at a point approximately 1kmfrom the runwayat an altitude of 180m.
This point is chosen by studying GPS data from the approach
performed by several military pilots in the SK60. At this point, all

Fig. 5 Three-dimensional surface with contour lines of the smooth

polygon.

Fig. 6 Regions that determine which distance should be computed.
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flights available show the aircraft lined up with the runway at 180 m
with decreasing speed.

One of the flights performed with the SK60 is chosen to obtain
realistic altitude and speed data for a starting point approximately
40kmeastofMalmen.The initial andfinal conditionsof the trajectory
are given in Table 1. The objective function is chosen tomaximize the
remaining fuel mass from a fixed initial fuel mass, resulting in a
minimum-fuel-burn trajectory. The fuel-optimal trajectory is shown
in Fig. 7 together with the path of the real SK60 flight.

Some of the state and control variables of the trajectory are shown
in Fig. 8. The throttle setting �p is defined to vary between 0.31 (flight
idle) and 0.87 (full thrust). The altitude first increases up to
approximately 2 kmwith full throttle and after about 35 s flight idle is
chosen. The speed is slowly reduced throughout the flight, but almost
constant during the slow divewith the throttle in idle. The bank angle

is a control variable and is chosen almost zero for the most part of the
flight. When the restricted airspace over Linköping is encountered,
the bank angle is increased to stay outside the region. The bounds on
the bank angle are set to �80	 � � � 80	. The bank angle is rather
large in the final turn when the aircraft is lining up with the runway;
this is due to the objective function. Minimizing the fuel burn will
give as short of a distance as possible, making it optimal to make a
very steep turn at the end instead of taking a longer path with a
smaller bank angle. The steep turns can be controlled by reducing the
bounds on the bank angle if a trajectory with a smaller load factor is
desired.

Theminimum-fuel-burn trajectory results in the same trajectory as
if carbon dioxide is minimized. Carbon dioxide adds to global
warming and it is an important emission to reduce. However, in the
vicinity of airports, people are living close to where aircraft fly and
also close to the emissions. Aircraft on approach for landing, or
taking off, are flying close to the ground and emissions from the
engines are likely to affect people and nature more than when flying
high in the atmosphere. Therefore, it may be interesting to minimize
the toxic emissions that are affecting humans considerably. An index
known as human toxicity potential (HTP) can be defined by putting
weights on the different emissions in the engine exhaust [15,28]. The
index is linear in the emissions, but the actual emissions are nonlinear
due to the Boeing fuel flow method as used in this study. This index
can be used as the objective function, instead of the fuel burn, in the

Table 1 Initial and final conditions

for the approach to Malmen

Variable Initial Final

V, m=s 150 80
h, m 900 180
mf , kg 670 Maximum
 , deg free 198

Fig. 7 Fuel-optimal trajectory on approach for landing (solid) and

SK60 GPS flight path (dashed).
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Fig. 8 Control and state variables for the fuel-optimal flight path.

Fig. 9 HTP optimal trajectory on approach for landing (solid), SK60

GPS flight path (dashed).
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trajectory optimization problem. The same constraints, initial and
final conditions are used, and theHTP optimalflight path is shown on
themap in Fig. 9. The state and control variables are shown in Fig. 10.

The geographical trajectory in Fig. 9 looks rather similar to the
fuel-optimal trajectory, but looking at the state and control variables,
some significant differences can be seen. The HTP optimal trajectory
is a lot shorter in time. It takes approximately 275 s instead of 400 s to
complete the task. The throttle is now kept significantly higher to
avoid flight idle where the combustion is inefficient emitting high
quantities of mainly hydrocarbons (HC) and carbon monoxide (CO)
(see Fig. 2). These emissions are toxic and are thus weighted heavily
in the HTP index. The HTP value for this trajectory is 0.59, which
should be compared to the HTP value for the fuel-optimal flight path,
which is 2.22. Hence, minimizing HTP instead of fuel burn results in
a 73% decrease in the HTP value. However, the fuel used during the
approach is increased significantly, from 24.5 kg for the fuel-optimal
trajectory to 36.9 kg, corresponding to an increase of 51%.

Another environmental index is the Eco-indicator’99 [16]. Here,
different weights are put on all emissions and the weighted sum is

computed to form an environmental index designed to describe the
total environmental impact of a process. The Eco-indicator’99 is also
used as the objective function in the approach problem to Malmen
using the same constraints and initial and final conditions as for the
previous cases. A comparison of the state and control variables is
shown in Fig. 11 for the different objective functions. The Eco-
indicator’99 solution is similar to the fuel-optimal trajectory, but the
speed is lower, making the time to complete the approach longer. The
throttle setting is also quite different from the fuel-optimal trajectory,
which ismost likely an effect of the other emissions that are increased
significantly for low throttle settings. The amount of fuel used is only
slightly increased from the 24.5 kg used in the fuel-optimal trajectory
to 25.6 kg for the Eco-indicator trajectory. The Eco-indicator index
is reduced from 0.84 to 0.77 when comparing the fuel-optimal
trajectory and the Eco-indicator trajectory.

The HTP optimal solution in Fig. 10 may look strange with very
large variations in mainly the flight-path angle � and the bank angle
�. The optimality of this solution can be questioned, but optimality
can be checked by studying the projected Hessian of the Lagrangian:
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Fig. 10 Control and state variables for the HTP optimal flight path.
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Fig. 11 Control and state variables for the different objective functions.
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ZTLZ � 0 (20)

where Z is a basis for the null space of the active constraints at the
solution, L�r2l�x; �� is the Hessian of the Lagrangian l�x; ��, and
� denotes positive definite. The Lagrangian is defined here as

l�x; �� � f�x� � �Tc
�x� (21)

with f�x� as the objective function, c
�x� as the active constraints,
and � as the vector of Lagrange multipliers. The Hessian of the
Lagrangian can be computed from the output of SNOPT using finite
differences on the first derivatives of the objective function and the
active constraints. The projected Hessian of the Lagrangian should
be positive definite if the solution is an optimum. This was found to
hold for the oscillating solution in Fig. 10, and considering the
objective function it may very well be optimal to keep the throttle

high for as long as possible. However, this results in a lot of extra
kinetic energy of the aircraft, which somehow needs to dissipate
when the speed should be reduced at the end of the flight. Therefore,
the aircraft starts to oscillate to reduce the energy and also the speed.
This is not a desirable solution from a pilot perspective, but rather an
artifact from the mathematical model of the aircraft and the solution
method that solves the mathematical optimization problem as posed.
There are several simplifications in the modeling adding to this
behavior. For example, the roll rate in the model is assumed infinite,
making large variations in the bank angle in zero time possible. Also,
no time delay between throttle setting and thrust is modeled. The
same oscillating behavior is seen when the final time is used as
objective function. This problem can be resolved, for example, using
themethod described in Jorris et al. [22], where control rates are used
rather than control angles to avoid the infinite roll rates.

B. Stockholm to Visby

The previous casewas a shortflight, but here, amore long-distance
case is studied. To capture the dynamics of the aircraft, the
discretization should not be too coarse, making the problem rather
large when a long-distance flight is studied. The chosen case is a
flight from Stockholm to Visby, a distance of about 200 km. In
between Stockholm and Visby, there is a large area of restricted
airspace up to an altitude of 12 km. Outside Visby there is another
large region of restricted airspace also added to the trajectory
optimization problem. The aircraft is assumed to land on a runway at
a 20	 heading. The initial and final conditions for the flight are given
in Table 2.

Since this is a long-distance flight and the final conditions are
again given by a low speed, an appropriate objective function is
maximizing the final fuel, i.e., using as little fuel as possible. The
restricted airspace is in this case given by some nonconvex regions,
and these are first divided into convex polygons to make sure the
method described herewill work. The optimal trajectory is shown on
the map in Fig. 12. The state and control variables are shown as the
solid lines in Fig. 13.

The problem is difficult to solve with the large restricted area, but
using a feasible starting guess makes it possible to find a solution
rather efficiently. The altitude increases to 7.8 km and the throttle is
kept at its maximum before reducing it all the way to flight idle after
about 500 s. Again, the distance of the trajectory largely affect the
fuel burn, making the final turn very steep.

The same problem is solved again using the Eco-indicator’99 as
the objective function, and a comparison between the state and

Table 2 Initial and final conditions

for the Visby trajectory

Variable Initial Final

V, m=s 150 90
h, m 500 180
 , deg free 20

Fig. 12 Fuel-optimal long-range trajectory with airspace constraints.
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Fig. 13 State and control variables for the Stockholm to Visby case.

1262 JACOBSEN AND RINGERTZ



control variables for the different objective functions are shown in
Fig. 13. There is a significant difference between the two solutions.
The speed is lower and the altitude is not increased as much in the
beginning of the flight. On a long flight like this, the use of the HTP
index is questionable since it only takes into account the emissions
that are related to human health and not the environment as awhole. It
is, therefore, not shown here. The Eco-indicator index is reduced
from 4.72 in the fuel-optimal trajectory to 4.38 when used as the
objective function, a decrease of approximately 7%. On the other
hand, the amount of fuel used during the flight is increased from
117 kg for the fuel-optimal flight to 124 kg for the Eco-indicator
optimal flight, which corresponds to approximately 6.5%.

V. Conclusions

The solution of a three-dimensional trajectory optimization
problem has been studied. The method discussed makes it possible
to formulate the trajectory optimization problem with restricted
airspace. When the airspace is described by circular regions the
formulation is straightforward even though the resulting problem
may be difficult to solve even with high performance optimization
techniques. However, a polygon is a common shape of restricted
airspace. In this case, no simple formulation exists. The solution
to this problem, as presented here, is to round the corners of the
polygon and extract the 2-D region to a 3-D surface with contour
lines as the shape of the restricted area. The main advantage of this
approach is that only one constraint will be added for each time step
instead of covering the region with circles resulting in several
nonlinear inequality constraints.

The constraints are added to make each point in the discretized
path lie outside the smooth representation of the polygon constraint,
but several of these discretized nodes are not even near the restricted
region, making these constraints unnecessary. An improvement
would be to only add these constraints to the variables that are
assumed to be affected by the restriction of the feasible region. It
should also be noted that the constraints removing parts of the
feasible regionmake the problem nonconvex. The optimizers used to
solve the problem will only find a local minimum, making the
solution depend on the initial starting guess. Finding the best solution
would then be performed using a branch-and-bound technique to
investigate all suitable solutions.

The formulation used here works well for a 2-D polygon, but
including the altitude would turn the polygons into polytopes and an
expansion to 3-D may be necessary. The expansion to 3-D has not
been covered here because the altitude restrictions are too high in
many cases, making it unlikely that the optimal solution would be
flying above the region instead of around it.

Finding a suitable objective function is difficult. Minimizing the
fuel burn makes the velocity rather low, but using other objectives in
which flight idle is not beneficial, such as minimum time or some
environmental index, has a tendency to make the solution oscillate
quite drastically at the end to reduce the speed, instead of using a
lower throttle setting. The oscillations are more related to modeling
issues; however, a conclusion can be that efficient airbrakes could be
beneficial if toxic emissions should be reduced close to airports,
which will help the aircraft to make a steeper descent before landing.
Also, when minimizing environmental indices, the shortest path is
often optimal, if possible to fly; this may result in very steep turns,
since the distance will be reduced.

Appendix A: Aircraft Data

The Saab 105 with Swedish Air Force (SAF) designation SK60
first flew in 1963 and is still used as the primary trainer in the SAF.
The aircraft has continually been upgraded, including new engines in
the mid-1990s. The aircraft was originally intended as a small
business jet but has only been used in the SAF and the Austrian Air
Force. The aircraft configuration involves a high wing with negative
dihedral, a T-tail and twoWilliams FJ-44 turbojet engines. The basic
aircraft data are listed in Table A1.

For efficient and reliable optimization, all aircraft data functions
are implemented as smooth functions. For the Saab 105model, this is
achieved using a linear least-squares fit ofB-spline basis functions to
the original tabular data. For performance analysis and optimization,
many aerodynamic coefficients can safely be treated as constants,
even though the full model is a bit more elaborate. However, the basic
drag coefficient needs to bemodeled as function of theMach number
in the form

CD0�M� �
Xn
i�1

aiBi;l�M� (A1)

where Bi;l are B-spline basis functions of order l. The resulting
function is shown in Fig. A1. The remaining aerodynamic
coefficients are listed in Table A1.

The coefficients are assembled into lift as

L� qS�CL0 � CL��� (A2)

and the total drag as

D� qS�CD0 � CDhh� ��CL � C
L�2� (A3)

where S is a reference area and q the dynamic pressure. The constant
coefficient C
L is used to model the slight shift in the drag polar.

The thrust and fuel burn are modeled as three variable functions:

T�h;M; �p� �
Xn1
i�1

Xn2
j�1

Xn3
k�1

aijkBi;l�h�Bj;l�M�Bk;l��p� (A4)

where �p is the throttle. In all cases, the coefficients (for exampleaijk)
are found bymatching eachB-splinemodel to tabular data by solving
a least-squares problem.

The engine data are given for standard atmosphere (International
StandardAtmosphere) conditions and three different throttle settings
in Figs. A2–A7.

Table A1 Aircraft reference and aerodynamics data

Variable Meaning Value/Unit

S Reference area 16:3 m2

�c Reference chord 1.7436 m
s Span 9.5 m
h Altitude km
CD0�M� Basic drag coefficient ——

CDh Altitude correction to drag 0:00028 km�1

CL� Lift slope 0.08 1= deg
C
L Shift in drag polar 0.05
CL0 Lift at zero � 0.08
� Induced drag coefficient 0.082
m Mass with crew but no fuel 2876 kg
mf Maximum fuel mass 1118 kg
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Fig. A1 Drag coefficient CD0.
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